A spectral approach is used to evaluate energies and widths for a wide range of singlet and triplet resonance states of helium. Data for total angular momentum L = 1, . . . , 4 is presented for resonances up to below the 5th single ionization threshold. In addition the expectation value of cos(θ 12 ) is given for the calculated resonances.
Introduction
Since the discovery of strong electron-electron correlation effects in doubly excited states of helium through the seminal experiment by Madden and Codling [2] , these states have attracted the continuous interest of both theoreticians and experimentalists. Direct manifestations of electronic correlations are found for instance in certain highly asymmetrically doubly excited states which are associated to highly correlated classical configurations, such as the frozen planet configuration [3, 4] . Studies for one-dimensional [5, 6] and planar helium [7, 8] suggest that these states form, under near resonant driving, non-dispersive two-electron wave packets [9] , i.e., very robust quantum objects, which propagate along the frozen planet classical trajectory. However, the existence of these highly correlated wave packets still awaits its confirmation in full three-dimensional calculations and its experimental verification.
Manifestations of electronic correlations have also been observed in double ionization of helium from the ground state by strong laser fields [10, 11] . An enhancement by several orders of magnitude for the production of doubly charged ions is observed compared to the yield expected on basis of a single active electron approximation [12, 13] , in which the electron-electron interaction is neglected. This is interpreted as a fingerprint of correlated electronic ionization processes (manifesting in non-sequential ionization, as opposed to sequential ionization in the independent particle picture), where one electron is "knocked out" by the other one in a laser-induced recollision process. The geometry of the fragmentation process observed in more refined experiments [14, 15] also suggests a strong dependence of the ionization process on the electronic structure [16] of helium-like atoms. Highly doubly excited states are expected to play an important role in the ionization by low frequency intense laser pulses [17, 18] . However, an accurate theoretical treatment of such a problem defines a formidable theoretical and numerical challenge due to the field induced coupling of several total angular momenta and the dimensions of the matrices associated to single total angular momenta. Note, however, that a three-dimensional ab initio fully numerical treatment of the ionization of helium in the low frequency regime is available [19] and has already been used to give a rather qualitative description of the correlations in the ionization process of helium from the ground state by a 780 nm laser pulse of peak intensity (0.275 − 14.4) × 10 14 W/cm 2 . However, due to the difficulty to extract physical information from this grid approach and its high requirements concerning computational resources, an accurate spectral approach to this problem becomes even more desirable. Further correlation effects have been observed in two-photon double ionization by strong XUV pulses where almost no experimental data is available and theoretical predictions [20] [21] [22] [23] [24] [25] [26] [27] [28] for the two-photon double ionization cross section among themselves deviate by orders of magnitude.
The understanding of each of these issues requires an accurate description of (highly) doubly excited states for various values of the total angular momentum L. The electronic correlation and the associated non-integrability of the three-body problem forces us to recur to numerical and approximation methods, which include, e.g., variational approaches, grid methods and spectral methods.
Probably the most successful approaches for the description of spectral properties of two-electron atoms are spectral methods, of which two basis types can be considered: the so-called explicitly correlated bases, in which the basis functions depend explicitly on the interelectronic distance r 12 , and the configuration interaction (CI) bases, in which the wave function is written as a linear combination of (antisymmetrized) products of one-electron wave functions. 1 Explicitely correlated bases allow for a very accurate description of two-electron atoms, however, the computation of the matrix elements either involves coupled three-dimensional radial integrals or is based on an analytic computation and selection rules, the number of which grows rapidly with increasing total angular momentum L. Moreover, rather large bases are needed for the description of highly asymmetrically excited states. Note, however, that due to the resulting analytic computation of matrix elements combined with selection rules, the explicitly correlated expansion in terms of Coulomb-Sturmian functions of the perimetric coordinates [29, 30] is probably the most successfull method for the treatment of highly doubly excited states with L = 0, 1 [1, [31] [32] [33] [34] . Configuration interaction bases have been widely used due to their simplicity and flexibility, however, they are plagued with slow convergence for symmetrically excited states and most severely for the ground state. This is due to the fact that the basis expansion does not satisfy the Kato cusp condition associated with the coalescence of the two electrons [35] [36] [37] . Moreover, the standard configuration interaction approach requires large basis sizes for the description of highly asymmetrically excited states. However, the computation of matrix elements in these bases involves at most two-dimensional coupled radial integrals and the computation of states with high total angular momentum L does not pose any additional difficulties; these bases are frequently used for the description of few-photon ionization processes [21, 22, 27, [38] [39] [40] [41] where highly doubly excited states do not play a fundamental role. So far configuration interaction bases have hardly been used for the computation of doubly excited states of helium, however, a non-standard member of this class has recently been shown to be capable of accurately describing autoionizing and non-autoionizing doubly excited states of helium [42] [43] [44] up to the tenth single ionization threshold.
In this contribution, we present data for a large number of resonances between the first and fifth single ionization threshold with total angular momentum L = 1, . . . , 4 and parity π = (−1) L . Results for both singlet and triplet symmetry are given. Before presenting all of our results, some of them are compared with existing data.
Unless stated otherwise atomic units (a.u.) are used throughout this contribution.
Theoretical approach
A description of our approach has already been given elsewhere [27, 38, [42] [43] [44] [45] [46] [47] . In particular the matrix representation and the numerical aspects, including efficient computation of the involved matrix elements and solution of the eigenvalue problem, have been discussed in detail in [42, 47] . We will thus give only a brief review of the most relevant aspects of our approach.
Spectral method
The nonrelativistic Hamiltonian H for a two-electron atom with an infinitely heavy, pointlike nucleus of charge Z is given by
with the interelectronic distance
and r 1 , r 2 , p 1 and p 2 the position and momentum vectors of particle one and two, respectively. The eigenstate wavefunction of a two-electron atom with total energy E satisfies the time independent Schrödinger equation
Unlike in hydrogen, exact eigenfunctions of the Hamiltonian (1) cannot be found. Here, in order to solve the time independent Schrödinger equation (3) a spectral method, which consists of an expansion of the spatial wave function in terms of suitably chosen basis functions, is used. In our approach [27, 38, [42] [43] [44] [45] [46] [47] ] the solutions to Eq. (3) are expanded as follows:
where ψ l 1 ,l 2 ,L,M,ε 12 k 1s ,k 2s ,n 1 ,n 2 is the expansion coefficient and
controls the redundancy that occurs within the basis due to symmetrization for basis states with equal quantum numbers for particle one and two. The symbol ∑ π indicates that these sums depend on the parity π. The symmetry or antisymmetry of the spatial wave function, as required by the Pauli principle, is ensured by a projection onto either singlet or triplet states via the operator
where the operator P 12 exchanges the coordinates of both electrons and ε 12 takes values of +1 or −1. The radial one-electron functions S (k) n,l (r) are Coulomb-Sturmian functions [48, 49] defined for a given angular momentum l and radial index n by
where k is a dilation parameter, L
n−l−1 (2kr) is an associated Laguerre polynomial and N (k) n,l the normalization constant given by
The orthogonality relation for the Coulomb-Sturmian functions reads
The radial index n of the Sturmian functions is a positive integer satisfying n l + 1. The angular part of the expansion (4) is expressed in terms of bipolar spherical harmonics [50] ,
which couple the two individual angular momenta l 1 and l 2 in the L − S scheme. Y l,m denotes the spherical harmonics and l 1 , m 1 , l 2 , m 2 |L, M is a Clebsch-Gordan coefficient. The relevant angular configurations (l 1 , l 2 ) for the description of states with total angular momentum L are determined by the triangle relation for the addition of angular momenta
In order to preserve parity π, which is a good quantum number, the L − S coupled individual angular momenta of the electrons must satisfy π = (−1) l 1 +l 2 . This is also reflected in ∑ π , which stands for the sum over individual angular momenta l 1 , l 2 for a given parity π. The associated spin symmetry is determined by the exchange symmetry, with ε 12 = +1 and ε 12 = −1 defining singlet and triplet symmetry for S = 0 and S = 1, respectively. In total this allows us to target eigenstates classified by 2S+1 L π and total angular momentum projection M by fixing L, M, π and ε 12 in expansion (4) .
Within a CI approach the interelectronic distance r 12 is not an explicit coordinate and therefore not accessible directly. To obtain an expression for 1/r 12 in the Hamiltonian (1) one has to exploit the multipole expansion of the electron-electron repulsion:
with r < = min(r 1 , r 2 ) and r > = max(r 1 , r 2 ).
In general the CI expansions involving Coulomb-Sturmian functions use the same dilation parameter k for all Coulomb-Sturmian functions, which is equivalent to setting k 1s = k 2s ≡ k and s = 1 in our expansion (4) . Furthermore, for each pair of (l 1 , l 2 ), the same number N of Coulomb-Sturmian functions S
(r 2 ) with l 2 + 1 n 2 l 2 + N is chosen for the representation. In contrast, our approach is constructed in order to allow the dilation parameter and the number of Coulomb-Sturmian functions associated to one electron to be different from those attributed to the other electron. This leads to the introduction of a set of Coulomb-Sturmian functions {S n 2 l 2 + N max 2s . Moreover, more than one and different sets -labeled by the subscript s -may be selected for any angular configuration (l 1 , l 2 ). To avoid redundancies in expansion (4), the orbital angular momenta are restricted to l 1 l 2 , and if l 1 = l 2 and k 1s = k 2s to n 1 n 2 .
Be aware of the fact, that due to the restriction to l 1 l 2 , each set of Coulomb-Sturmian functions [k 1,s 
The reason for this is that, e.g., sets with k 1,s > k 2,s would explicitly favour a smaller extent of the l 1 -orbital than of the l 2 -orbital. This would limit the descriptive power of the basis after truncation. To illustrate the importance of this kind of symmetrization let us consider states of L = 1 below the second single ionization threshold. In the independent particle model the spectrum consists of 2snp, 2pns and 2pnd
states. Using only sets with k 1,s > k 2,s would allow a good representation of 2snp and 2pnd states, however, the description of the 2pns would be very poor in a truncated basis. As already realized by the first experiment on doubly excited states [2] and its theoretical interpretation [51] the electron-electron interaction mixes the different configurations of the independent particle model. choosing appropriate sets of Coulomb-Sturmian functions the description of a given energy regime, i.e., below a certain ionization threshold, is possible with a rather small number of basis functions [42] . This is in particular true for highly asymmetrically excited states.
Complex rotation
The electron-electron interaction in helium couples different channels of the non-interacting two-electron dynamics, and gives rise to resonance states embedded in the continua above the first single ionization threshold. To extract the energies and decay rates of resonance states we use complex rotation (or "dilation") [52] [53] [54] [55] [56] , which was shown to be applicable for the Coulomb potential in [57] .
The complex dilation of any operator by an angle θ is mediated by the non-unitary complex rotation operator
where r and p represent the 2N component vector made up of r 1 , r 2 and p 1 , p 2 , respectively, with N the dimension of the treated system. The transformation of the position and momentum operators consists of a rotation by θ in the complex plane,
Thus, the Hamiltonian (1) transforms into,
This operator is no longer Hermitean and, therefore, its eigenvalues are in general complex. However, the spectrum of the rotated
Hamiltonian is related to the spectrum of the unrotated operator according to [53, 55, 57 ]:
1. The bound spectrum of H is invariant under the complex rotation.
2. The continuum states are located on half lines, rotated by an angle −2θ around the ionization thresholds of the unrotated
Hamiltonian into the lower half of the complex plane.
3. There are isolated complex eigenvalues E i,θ = E i − iΓ i /2 in the lower half plane, corresponding to resonance states. These are stationary under changes of θ , provided the dilation angle is large enough to uncover their positions on the Riemannian sheets of the associated resolvent [58, 59] . The associated resonance eigenfunctions are square integrable [56] , in contrast to the resonance eigenfunctions of the unrotated Hamiltonian.
The eigenstates of H(θ ),
A well isolated resonance |Ψ j,θ with E j,θ ≃ E and Re(E j,θ ) − Re(E i,θ ) ≫ E j,θ − E , ∀i = j, gives the dominant contribution to the above sum, and justifies the single pole approximation [60] φ
leading to
Rewriting cos(θ 12 ) in terms of spherical harmonics Y l,m (r),
with Clebsch-Gordan coefficients C 
Results
Our approach was used for the computation of 1,3 S e and 1,3 P e resonances in [42, 44] and for non-autoionizing states with various values of the angular momentum L in [27, 38, 43] . Here we present energy, half-width and expectation value of cos(θ 12 )
for doubly excited states of helium for total angular momentum L = 1, . . . , 4 and parity π = (−1) L . Data for both singlet and triplet symmetry are given for states from below the second up to below the fifth single ionization threshold. All results have been tested for convergence with respect to variation of basis size (including variation of the number of Sturmians as well as the number of angular configurations), of the dilation parameters and of the complex rotation angle. Only converged digits are given in the tables.
Various authors, using a wide range of different methods, have published results for these states (see e.g., [1, a relatively large width. In our complex rotation calculation these are for some complex rotation angles still masked by or are still strongly influenced by the rotated continuum and we do not dare to give a result. Note, that in Ref. [93] the number of given digits differs from the actual precision. Due to conversion to atomic units and to half-widths the number of presented digits might differ slightly from those given in the respective references. For energies above the third single ionization threshold overlapping of series converging to distinct ionization thresholds is possible as for instance shown for the spectrum starting from below I 4 for 3 Po, 3 De [89] and from below I 5 for 1 Po [1] . A perturber is a state that belongs from its quantum numbers to a Rydberg series converging to a single ionization threshold I N , however, its energy is so low that it lies below the energy of a lower threshold I N−1 . The effect of these perturbers is present in our calculation, however, given the focus of this contribution, no effort for the classification of these states has been made. Finally, in tables 1 to 8 our complete results are given. In addition, in order to provide an additional large scale comparison, our results for 1 P o are displayed together with the highly accurate data of [1] in table 1. Table C 1 D e resonances of helium from below the N = 2 to below the N = 5 threshold compared with other theoretical results.
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This work (continued) other results (continued) Table D 3 D e resonances of helium from below the N = 2 to below the N = 5 threshold compared with other theoretical results.
This work (continued) other results (continued) Table H 3 G e resonances of helium from below the N = 3 to below the N = 5 threshold compared with other theoretical results.
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